Bose-Einstein condensation in a finite one-dimensional atomic Bose gas trapped in an optical lattice is studied within Bogoliubov's approximation and then beyond this approximation, within the static fluctuation approximation. A Bose-Hubbard model is used to construct the Hamiltonian of the system. The effect of the potential strength on the condensate fraction is explored at different temperatures; so is the effect of temperature on this fraction at different potential strengths. The role of the number of lattice points (the size effect) at constant number density (the filling factor) is examined; so is the effect of the number density on the condensate 
Introduction
The neutral Bose ultra-cold atomic gas in an optical lattice represents a most interesting physical system. It has opened a new avenue for exploring quantum phase transitions and quantum fluctuations [1, 2] . Optical lattices also allow the control of dimensionality; in particular, they enable experimentalists to realize onedimensional quantum systems [3] .
Laser-cooling and evaporation-cooling techniques led in 1995 to the experimental observation of Bose-Einstein condensation (BEC) in dilute alkali gases [4] [5] [6] [7] . This achievement was a breakthrough where atomic physics and quantum optics were fused in condensed-matter physics, opening new areas of research. It has been known for some time that, in infinite weakly-interacting dilute Bose gases in the ground state, BEC is well-described by the mean-field Bogoliubov-de Gennes theory [8] . However, the finiteness and dimensionality of a trapped system play a crucial role in determining its physical properties; and the mean-field approach is no longer adequate for treating such systems.
An optical lattice is prepared by creating a periodic potential of atoms, using intersecting laser beams. Optical potentials are created by the interaction between the oscillating electric field of a laser and the electric dipole moment it induces in an atom. The atoms can be confined to periodic lattice sites, and the interaction between these atoms can be controlled by the laser parameters. The properties and geometry of the optical lattice itself can be controlled by tuning the laser parameters and configuration [9] . The possibility of controlling the Hamiltonian parameters gives researchers an opportunity to probe various regimes of the system. It also allows one to examine some fundamental phenomena of such systems -including BEC, superfluidity and quantum magnetism [10] [11] [12] .
A basic model describing the Hamiltonian of a Bose atomic gas trapped in an optical lattice is the Bose-Hubbard model [13, 14] . However, solving the corresponding quantum dynamics exactly is possible only for a few-particle system, even if the gas is weakly-interacting; approximations are, in general, necessary. Most of the techniques used to investigate such a system are based on variational or numerical calculations [15] [16] [17] [18] ; hence the dearth of analytical results here. On the other hand, a perturbation method was used [19] to study this system with a hard-core Bose-Hubbard potential. Further, the Gross-Pitaevskii equation remains a main theoretical tool.
In addition to the extensive experimental work [9, [20] [21] [22] [23] [24] [25] [26] , further theoretical work has been undertaken for this system. A Bose-Hubbard model was used to study dynamical correlation functions [27] . The current and kinetic-energy correlation functions for the Mott-insulator regime were determined. The condensate fraction for a few-particle system (less than 13 particles) was calculated numerically by an exact diagonalization method [15] . It was observed, not surprisingly, that the condensate fraction decreased as the potential strength increased. The existence of Bose condensation phase transition in a three-dimensional lattice was investigated by the infrared bound method [28] . It was found that BEC occurred for any nonnegative chemical potential and for a small enough potential strength. The phase diagram of the quasi-one-dimensional optical lattice was also investigated, within the density-matrix renormalization group technique [29] as well as the diffusion Monte Carlo technique [30] . The effect of the magnetic field on the superfluidinsulator transition for the system was studied within a mean-field theory; it was found that the critical hopping strength increased with the applied field [31] . The fact remains, however, that quantum fluctuations become large in one-dimensional systems, as compared to three-and two-dimensional systems; accordingly, the theoretical treatment becomes more difficult [32] .
In this work, we shall study BEC in a finite one-dimensional atomic Bose gas in an optical lattice. A Bose-Hubbard model [32] [33] [34] [35] [36] [37] is used to describe the Hamiltonian of the system. Bogoliubov's approximation (BA) has been used in many previous works to explore such systems [33, 37, 38] . In this approximation, the creation and annihilation operators in the ground state are replaced with a c-number, and the number of particles in excited states to quadratic and higher orders is neglected.
The main purpose of the present work is to consider the neglected terms in BA by using the static fluctuation approximation (SFA). Specifically, the condensate fraction will be calculated within both approximations. The results will give a measure of the validity of BA in such systems.
In SFA, the square of the local-field operator is replaced with its mean value [39] [40] [41] [42] [43] [44] [45] ; whereas in the mean-field approach, the operator itself is replaced with its mean value. The point is that in SFA, the fluctuations in both the number of particles and the energy spectrum are taken into account. This paper is organized as follows. In Section two, the Bose-Hubbard model and SFA are outlined. In Section three, the results for the condensate fraction in our system are presented and discussed within both approximations: BA and SFA.
Some closing remarks follow in Section four.
Theoretical Formalism

Bose-Hubbard Model
We consider Bose atoms in an optical lattice with a repulsive interatomic interaction. These can be described by the Bose-Hubbard model [46] :
(
The first term on the right-hand side is the kinetic energy: it describes tunneling from one site to another; the symbol ij indicates that the summation is restricted to nearest-neighbor sites. The second term is the chemical potential µ which controls the occupation number; increases, atoms are gradually 'depleted' from the condensate to excited states. To describe the condensation, it is convenient to rewrite the Hamiltonian in momentum space, using Fourier transforms; b j can then be written as
The operator k a annihilates a particle in the Bloch state with quasi-momentum 
This can be written as a superposition of three terms:
, where 
The terms 0 H and 1 H represent BA; whereas the third term H 2 denotes the interaction between particles in excited states. In the following sections, we shall investigate this approximation; but the effect of 2 H on the physical properties of the system will be studied within SFA.
Bogoliubov's Approximation (BA)
This is known to be valid for infinite dilute gases at very low temperatures T.
Recently, however, there have also been several studies for finite systems within 
The second term on the right can be eliminated by setting 
The creation , from which one finds:
. Equation 
This implies that
where
and ( ) 
The total-number-of-particles operator N can be written in terms of 
From Eq. (14), using Bose-Einstein statistics: 
The physical properties of the system (such as the energy, heat capacity, condensate fraction, …) at both zero and finite low T can be calculated using Eqs.
(12-16). It should be emphasized that reliable results are obtained so long as
, as dictated by the basic assumption of BA.
Beyond Bogoliubov's Approximation: Static Fluctuation Approximation (SFA)
According to BA, the interaction between two particles in excited states, that remain in these states after the interaction is completely neglected. Also, the interaction between two particles, one of which is in the ground state and the other in an excited state such that the scattered particles end up in excited states, is again neglected. These interactions are represented by 2 H in Eq.(6).
With the aid of SFA, the neglected terms can be incorporated into the picture. In this approach, 2 H is rewritten as [40] . SFA can, in principle, be applied to any many-body system. In fact, it has been applied to both stronglyand weakly-interacting systems [39] [40] [41] [42] [43] [44] [45] . However, it is essentially a modified mean-field approach or an independent-particle model. Thus, strictly speaking, it can hardly be applicable to dense and strongly-interacting systems -except at 'sufficiently low' T [40] . The local-field (energy) operator in this formalism is written in terms of its mean value and the corresponding fluctuations:
The basic assumption in SFA is that the square of the fluctuations in this operator can be replaced with its mean value:
In the mean-field approximation, it is the local-field operator itself that is replaced with its mean value 
where ( ) ( )
One can obtain all the necessary correlation functions from the following 'generating' equation [40] [41] [42] [43] [44] [45] , which relates
Â being an arbitrary operator which commutes with the creation and annihilation
has only the characteristic values (28)
The fluctuations k Φ in the operator k Ê are obtained by putting
:
From Eqs. (22) and (29), we have
Putting in Eq. (25) p m Â =
, we obtain the pair correlation function 
The unknown value T is shown in Fig. 1a . The role of the number of lattice points (the size effect) as a function of U, at constant number density (the filling factor) and at different T, is examined in Fig. 1b. The condensate fraction at different number densities is displayed in Fig. 1c . Finally, this fraction is shown in Fig. 2 as a function of T at different U. Let us now elaborate. [48] . In passing, we note that this decrease of the condensate fraction with increasing U/J also occurs in two and three dimensions in the zero-T limit [49] .
In Fig. 1a , three temperatures have been chosen: 1×10 -6 K, 3×10 -5 K and 5×10 -5 K.
Below 1×10 -6 K, the condensate fraction is almost temperature-independent and behaves as for , differs in SFA from that in BA. This difference manifests itself as U increases, even at very low T. Also, the transition temperature in SFA is less than that in BA. These results confirm that the mean-field approximation is workable at very low T and weak U; but, as T or U increases, the fluctuations in the local-field operator cannot be ignored. Our SFA results for the condensate fraction as a function of potential strength are consistent with those obtained by the path-integral formalism [48] . However, this fraction has been found to be dependent on the number density -unlike the case in [48] . Since SFA goes beyond BA, one must conclude that SFA results are more reliable than BA's. 
Conclusions
